Modal analysis of cracked multistep Timoshenko beam is accomplished by the Transfer Matrix Method (TMM) based on a closed-form solution for Timoshenko uniform beam element. Using the solution allows significantly simplifying application of the conventional TMM for multistep beam with multiple cracks. Such simplified transfer matrix method is employed for investigating effect of beam slenderness and stepped change in cross section on sensitivity of natural frequencies to cracks. It is demonstrated that the transfer matrix method based on the Timoshenko beam theory is usefully applicable for beam of arbitrary slenderness while the Euler-Bernoulli beam theory is appropriate only for slender one. Moreover, stepwise change in cross-section leads to a jump in natural frequency variation due to crack at the steps. Both the theoretical development and numerical computation accomplished for the cracked multistep beam have been validated by an experimental study.
INTRODUCTION
Beam-like structures with stepwise changes in cross-section called stepped beams are widely used in the practice of construction and machinery engineering and can be used also as a proper approximation of nonuniform beams. Therefore, dynamics of stepped beams is a problem of great importance. A lot of publications was devoted to study vibration of stepped beams and main results obtained in the earlier studies can be summarized as follow: (1) It was discovered that an abrupt change in cross-section leads to typical variation of the dynamic properties such as natural frequencies [1] [2] [3] , mode shapes [4] [5] [6] or frequency response functions [4, 7] of beams; (2) The variation is strongly dependent on location of the discontinuity [8] and boundary conditions of beam [6, 9, 10] ; (3) Shear deformation and rotary inertia make also a remarkable effect on the change in dynamic properties caused by the varying cross-section [8, 11] ; (4) The correlation between the dynamic properties and geometrical discontinuity provides a beneficial effect for design of a stepped beam [12] . Also, numerous methods have been developed to study vibration of the beams such as Transfer Matrix Method (TMM) [1] [2] [3] 9] ; Adomian decomposition method [5] or differential quadrature element method [10] ; Green's function method [11] ; Galerkin's or Rayleigh-Ritz method [13, 14] . The short outline enables to make the following notices: firstly, since a segment in a stepped beam is rarely a slender or long beam element, the Timoshenko beam theory should be more appropriately used for analysis of multistep beams; secondly, among the proposed methods the TMM shows to be most convenient technique that is efficiently applicable also for investigating the stepped beams with other discontinuities such as cracks.
Vibration of cracked structures is a problem of significant interest during the last decades and a lot of methods have been proposed for analysis and identification of stepped beams with cracks [14] [15] [16] [17] [18] [19] [20] [21] . From the studies it is worthy to highlight two important results: (a) Li established in his work [20] a recurrent connection of free vibration shapes of segments in a multistep beam that enables to easily conduct explicit frequency equation of the beam with multiple cracks; (b) Attar [21] has completely developed the TMM for not only free vibration analysis but also crack identification problem of multistep Euler-Bernoulli beams with a number of transverse cracks. Nevertheless, the achievements have been accomplished for EulerBernoulli beams only, therefore, expanding the obtained results for Timoshenko multistep beams with multiple cracks is essential. Actually, Timoshenko beams with cracks were studied by numerous authors for instance in Refs. [22] [23] [24] [25] [26] [27] that allow one to make the following remarks: (a) The Timoshenko beam theory gives rise results more close to experimental ones and those obtained by FEM than the Euler-Bernoulli theory; discrepancy between the beam theories increases with decreasing slenderness ratio (L/h) and increasing crack depth; (b) Reduction of beam slenderness ratio leads dynamic characteristics of beam to be more sensitive to crack; (c) Among the studies on cracked Timoshenko beams there is very few publications on cracked multistep Timoshenko beams, except the Ref. [27] where a stepped shaft with single crack was investigated by using the TMM and Timoshenko beam theory.
The present paper addresses the problem for free vibration of multistep Timoshenko beams with arbitrary number of cracks, continuing the work accomplished in [28] , where the problem was studied on the base of Euller-Bernoulli beam theory. First, the obtained general solution of uniform Timoshenko beam is employed to develop the TMM for modal analysis of multistep Timoshenko beam with multiple cracks. Then, effect of beam slenderness and stepped change in cross section on sensitivity of natural frequencies to cracks is thoroughly examined.
GENERAL SOLUTION FOR FREE VIBRATION OF CRACKED TIMOSHENKO UNIFORM BEAM
Consider a uniform beam element of length L; material density (ρ); elasticity (E) and shear (G) modulus; area 
S e e k j n (2.22)
Therefore, shear force and bending moment defined in (2.7) can be represented as 
that is fundamental to develop the TMM for multistep Timoshenko beam with multiple cracks in subsequent section. Introduce state vector for j-th step as
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and shear force ) (x Q j are defined by Eq. (2.7). So, continuity conditions at step joints are
On the other hand, using (2.23) the introduced state vector
So that the state vector is transferred from the left to right ends of the beam span by
Subsequently combining (3.5) with (3.1) for j =1, 2, …, m one obtains
(3.5) Usually, conventional boundary conditions are expressed by 0 )} ( 
(3.14)
The arbitrary constant 
NUMERICAL AND EXPERIMENTAL VALIDATION
To validate the theoretical development of the transfer matrix method proposed above for cracked multistep beam, first three natural frequencies of the beam model (see Table 1 ) with crack scenarios given in Table 2 are computed by using both Euler-Bernoulli and Timoshenko beam theories and then compared to the measured results (see Fig. 2 ). The graphs presented in the Figure demonstrate a good agreement of the beam theories applied for cracked multistep beam with experiment. The closeness of natural frequencies computed by the beam theories is explained by the fact that slenderness ratios of the test beam segments are all greater than 20. Nevertheless, it can be observed that Euler-Bernoulli beam theory gives natural frequencies all overestimated in comparison with Timoshenko beam theory and measured frequencies are lower the computed ones. It is because the stiffness of theoretical models is generally higher than that of testing beam. Moreover, natural frequencies computed by different methods (analytical method [31] ; Galerkin's method [23] and transfer matrix method) for uniform beam are compared in Tables 3-4. Table 3 shows that the transfer matrix method is really one of the exact methods for computing natural frequencies of beam-like structures. The Galerkin's method gives natural frequencies almost identical to those obtained by TMM in application for uniform beam with different slenderness ratio. However, disagreement of the methods is apparent when they are applied for cracked beam and miscalculation of Galerkin's method can be noticeable from that results in reduction of second and fourth frequencies as the crack appeared at the middle of beam whereas the frequencies should be unchanged due to crack. Finally, it can be seen from Table 4 that Timoshenko beam model is more useful to apply for calculating natural frequencies of cracked beam. 
RESULTS AND DISCUSSION

Effect of beam slenderness ratio and number of cracks
The aim of present subsection is to discuss on using the beam theories for sensitivity analysis of beam to crack although this question has been addressed by some authors but only in the cases of individual cracks. The sensitivity of natural frequencies to cracks is acknowledged herein as ratio of a frequency of cracked beam to that of intact one and it is computed versus of crack position along beam segments with various scenarios of cracks. Frequency parameters,
kk A EI , computed for stepped beam of various slenderness and boundary conditions are tabulated in Table 5 . The obtained results allow one to reaffirm the conclusions made on the variation of natural frequencies versus slenderness ratio for stepped beam as follow:
(1) Natural frequencies of stepped Euler-Bernoulli beam are always higher than those of stepped Timoshenko beam and their deviation gets to be more significant for decreasing slenderness ratio L/h; (2) The deviation can be reached to 50 % for /5 Lh and it becomes insignificant for slenderness greater 30; (3) For obtaining reliable natural frequencies of stepped beam in any case of slenderness it is recommended to use the Timoshenko beam theory. To investigate influence of number of cracks on natural frequencies, different scenarios of crack occurrence on the beam are considered. Five frequency ratios of the SUB and SDB with the boundary condition cases are computed in seven crack scenarios: 3 cases of single crack occurred at every segment; 3 cases of double cracks at every pair of the segments and the case when all three segments are cracked. All the cracks are at the middle of beam segments and they have equal depth of 30 %. Results of computation by using TBT are given in Table 6 that allows one to make the following notations: (1) Increasing number of cracks in stepped beam leads, in general, to more reduction of natural frequencies, but magnitude of the reduction is dependent much on where the cracks are located; (2) Symmetrical cracks in stepped beam with symmetric variation of thickness and symmetric boundary conditions affect equally on natural frequencies; (3) The midpoints of beam segments that are frequency nodes can be found in Table 6 where the ratio equals to unique (the bold results). 
Effect of step change in beam thickness
CONCLUSION
The main results obtained in the present paper can be summarized as follows:
The transfer matrix method was developed for free vibration analysis of multistep Timoshenko beam with arbitrary number of cracks based on a closed form solution for multiplecracked Timoshenko beam element;
The proposed theoretical development, that was validated by both numerical and experimental results, demonstrate usefulness of transfer matrix method and Timoshenko beam theory for modal analysis of cracked multistep beams;
Change in natural frequencies due to cross-section variation is strongly dependent on the boundary condition and slenderness ratio of beam;
The stepwise variation of beam's thickness leads to abrupt change in sensitivity of natural frequencies to crack that is a good indicator for crack detection in stepped beam by measurement of natural frequencies. 
